an introduction to differentiable manifolds
and riemannian geometry

an introduction to differentiable manifolds and riemannian geometry presents a foundational
overview of two critical areas in modern mathematics: differentiable manifolds and Riemannian
geometry. This article explores the core concepts, definitions, and structures that form the basis for
understanding smooth manifolds and the geometric properties they carry under a Riemannian metric.
Differentiable manifolds provide a generalization of curves and surfaces to higher dimensions,
allowing for the application of calculus in more abstract settings. Riemannian geometry further
enriches this framework by introducing notions of distance, angles, and curvature, thereby enabling
the study of geometric and topological properties intrinsic to the manifold. Key topics include
coordinate charts, tangent spaces, smooth maps, metrics, connections, and curvature tensors. This
comprehensive introduction is designed to guide readers through the essential theoretical constructs
and lay the groundwork for advanced study or research in differential geometry, mathematical
physics, and related fields.
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Differentiable Manifolds: Foundations and Structures

Differentiable manifolds are mathematical spaces that locally resemble Euclidean space and support
the operations of calculus. Formally, a differentiable manifold is a topological manifold equipped with
an atlas of coordinate charts whose transition maps are differentiable. This structure allows one to
extend the notion of smooth functions from Euclidean spaces to more general, possibly curved,
spaces.

Topological Manifolds

A topological manifold is a Hausdorff space that is locally homeomorphic to Euclidean space R". The
local homeomorphisms provide coordinate charts that map open subsets of the manifold to open
subsets of R". This local Euclidean structure is essential for defining continuity and other topological
properties on the manifold.



Differentiable Structures

To define a differentiable manifold, one equips the topological manifold with an atlas whose charts are
compatible under smooth transition maps. These transition functions ensure that calculus operations
such as differentiation and integration are well-defined across different coordinate patches, making
the manifold "smooth".

Key Properties of Differentiable Manifolds

Locally Euclidean: Every point has a neighborhood homeomorphic to R".

Hausdorff and Second Countable: Ensures well-behaved topology.

Existence of Smooth Atlases: Allows differentiability of maps.

Dimension: Defined as the dimension n of the Euclidean space it locally resembles.

Tangent Spaces and Smooth Maps

The concept of tangent spaces is fundamental in the study of differentiable manifolds, as it
generalizes the idea of directional derivatives from calculus. Tangent spaces provide a linear
approximation to the manifold at each point, facilitating the definition of vector fields and differential
operators.

Definition of Tangent Spaces

At a point p on an n-dimensional differentiable manifold M, the tangent space ToM is a real vector
space of dimension n. Intuitively, ToM consists of equivalence classes of curves passing through p,
capturing the directions in which one can tangentially move from p.

Smooth Maps Between Manifolds

Smooth maps are differentiable functions between differentiable manifolds whose coordinate
representations are smooth functions between Euclidean spaces. The differential of a smooth map at
a point induces a linear map between the corresponding tangent spaces, allowing the transfer of
geometric information between manifolds.

Vector Fields and Derivations

A vector field on a manifold assigns a tangent vector to each point smoothly. Alternatively, vector
fields can be viewed as derivations acting on the algebra of smooth functions, providing a powerful
algebraic perspective on differentiation on manifolds.



Riemannian Metrics and Geometric Structures

Riemannian geometry enriches differentiable manifolds by introducing a smoothly varying inner
product on each tangent space. This inner product, called a Riemannian metric, enables the
measurement of lengths, angles, and volumes on the manifold, thus endowing it with geometric
structure.

Definition of a Riemannian Metric

A Riemannian metric g on a manifold M is a smooth assignment of an inner product g, on each
tangent space ToM. This metric is symmetric, positive-definite, and bilinear, allowing the definition of
norms and angles between tangent vectors.

Geodesics and Length Minimization

Geodesics are curves on a Riemannian manifold that locally minimize length, generalizing the notion
of straight lines in Euclidean space. They are critical for understanding the intrinsic geometry of the

manifold and are characterized as solutions to a second-order differential equation derived from the
metric.

Volume Forms and Integration

The Riemannian metric induces a natural volume form on the manifold, enabling integration of
functions and differential forms. This volume form is essential for defining global geometric invariants
and performing analysis on manifolds.

Connections and Covariant Differentiation

To differentiate vector fields along curves on a manifold, the concept of a connection is introduced.
Connections allow for the comparison of tangent vectors at different points, giving rise to covariant
differentiation, which respects the manifold’s smooth structure.

Affine Connections

An affine connection on a manifold defines a rule for differentiating vector fields in the direction of
other vector fields. This operation, called the covariant derivative, generalizes directional derivatives
and preserves linearity and the Leibniz rule.

Levi-Civita Connection

For Riemannian manifolds, there exists a unique torsion-free connection compatible with the metric,
known as the Levi-Civita connection. This connection is fundamental in defining parallel transport,
geodesics, and curvature.



Parallel Transport

Parallel transport is the process of moving tangent vectors along a curve while preserving their length
and direction relative to the connection. It plays a key role in understanding the manifold’s geometric
and topological properties.

Curvature in Riemannian Geometry

Curvature quantifies how a Riemannian manifold deviates from being flat. It is a central concept that
encapsulates the intrinsic geometric properties and influences the behavior of geodesics, volume
growth, and topological constraints.

Riemann Curvature Tensor

The Riemann curvature tensor is a multilinear map that measures the failure of covariant derivatives
to commute. It encodes detailed information about the manifold’s curvature and provides a
comprehensive description of how the geometry bends.

Sectional, Ricci, and Scalar Curvature

Derived from the Riemann tensor, these scalar quantities summarize curvature in various ways:

e Sectional Curvature: Curvature associated with two-dimensional planes in the tangent space.
¢ Ricci Curvature: A trace of the Riemann tensor capturing volume distortion.

e Scalar Curvature: The trace of the Ricci tensor, representing an average curvature measure.

Applications of Curvature

Curvature influences many areas such as the study of geodesic deviation, Einstein’s field equations in
general relativity, and topological classification of manifolds. It serves as a bridge between geometry
and physics, highlighting the deep interconnections within mathematics.

Frequently Asked Questions

What is a differentiable manifold?

A differentiable manifold is a topological space that locally resembles Euclidean space and has a
globally defined differentiable structure, allowing for calculus to be performed on it.



How does a Riemannian metric define geometric properties on
a manifold?

A Riemannian metric assigns an inner product to the tangent space at each point on a manifold,
enabling the measurement of lengths, angles, and volumes, thus defining geometric properties like
distances and curvature.

What is the significance of tangent spaces in differentiable
manifolds?

Tangent spaces provide a linear approximation of the manifold at each point, allowing for the
definition of vectors and directional derivatives, which are essential for analyzing differentiable
functions and geometric structures.

How do geodesics generalize the concept of straight lines in
Riemannian geometry?

Geodesics are curves that locally minimize distance on a Riemannian manifold, serving as the
generalization of straight lines in Euclidean space by representing the shortest paths according to the
manifold's metric.

Why is the concept of curvature important in Riemannian
geometry?

Curvature measures how a Riemannian manifold deviates from being flat, influencing the behavior of
geodesics, volume growth, and topology, and playing a central role in understanding the manifold's
intrinsic geometry.

Additional Resources

1. Introduction to Smooth Manifolds by John M. Lee

This book offers a comprehensive introduction to the theory of smooth manifolds. It covers the
fundamental concepts of differentiable manifolds, tangent spaces, vector fields, differential forms,
and integration on manifolds. The presentation is clear and detailed, making it suitable for graduate
students beginning their study of differential geometry and topology.

2. Riemannian Manifolds: An Introduction to Curvature by John M. Lee

Focused specifically on Riemannian geometry, this book explains the concepts of metrics,
connections, geodesics, and curvature in an accessible manner. It builds upon the basics of smooth
manifolds and emphasizes geometric intuition alongside rigorous proofs. This text is ideal for readers
who want to gain a solid foundation in Riemannian geometry.

3. Differential Geometry of Curves and Surfaces by Manfredo P. do Carmo

A classic introductory text that bridges the study of curves and surfaces with the broader framework
of manifolds. It introduces the local theory of surfaces and the fundamental forms, leading naturally
into Riemannian geometry. The book balances intuitive explanations with mathematical rigor, making
it a popular starting point.



4. Foundations of Differentiable Manifolds and Lie Groups by Frank W. Warner

This book provides an in-depth introduction to the theory of differentiable manifolds, Lie groups, and
Lie algebras. It is well-suited for readers interested in both the geometric and algebraic structures
underlying differentiable manifolds. The text is rigorous and comprehensive, making it a valuable
resource for advanced study.

5. Riemannian Geometry by Peter Petersen

Petersen’s book is a thorough introduction to Riemannian geometry with an emphasis on modern
techniques and applications. It covers classical topics such as curvature and geodesics as well as
more advanced subjects like comparison theorems. The text is suitable for graduate students and
researchers looking for a detailed and modern treatment.

6. Introduction to Differentiable Manifolds by Lawrence Conlon

This text offers a clear and concise introduction to differentiable manifolds and tensor analysis. It is
designed for readers with a background in advanced calculus and linear algebra, providing a smooth
transition into differential geometry. The book includes numerous examples and exercises to reinforce
understanding.

7. Differential Geometry: Curves - Surfaces - Manifolds by Wolfgang Kihnel

Kihnel’'s book presents a unified approach to curves, surfaces, and manifolds, blending classical
differential geometry with modern manifold theory. It includes topics on Riemannian geometry and
connections, offering a well-rounded introduction. The writing style is accessible, making it a good
choice for self-study.

8. Global Riemannian Geometry: Curvature and Topology by Steven Rosenberg

This book explores the global aspects of Riemannian geometry, with a focus on how curvature
influences topology. It is suitable for readers who have some familiarity with the basics of manifolds
and Riemannian metrics. The text connects geometric intuition with topological results, providing a
broad perspective.

9. Basic Concepts of Differential Geometry by S. Kumaresan

A concise and approachable introduction to the fundamental ideas of differential geometry, including
differentiable manifolds and Riemannian geometry. The book emphasizes clarity and provides
numerous examples and exercises. It is well-suited for advanced undergraduates or beginning
graduate students.
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