
an introduction to homological algebra
an introduction to homological algebra offers a foundational overview of a branch of
mathematics that studies algebraic structures through sequences, complexes, and derived functors.
Homological algebra plays a critical role in various mathematical fields, including algebraic topology,
algebraic geometry, and category theory. This article explores the essential concepts such as chain
complexes, exact sequences, and homology groups, providing a clear understanding of their
significance and applications. The discussion further delves into important tools like projective and
injective resolutions, as well as derived functors, to illustrate how homological methods solve
algebraic problems. By presenting the theoretical framework and practical implications, this
introduction aims to equip readers with a comprehensive grasp of homological algebra’s scope and
utility. The following sections detail the core principles, fundamental constructions, and advanced
topics that define this mathematical discipline.

Fundamental Concepts of Homological Algebra

Chain Complexes and Exact Sequences

Projective and Injective Resolutions

Derived Functors and Their Applications

Homology and Cohomology Theories

Fundamental Concepts of Homological Algebra
Homological algebra is centered around studying algebraic objects by examining their associated
sequences and morphisms. It provides a systematic approach to analyzing modules, abelian groups,
and other algebraic structures through homological methods. The theory primarily uses tools from
category theory to formalize concepts like exactness, kernels, and cokernels. Understanding these
fundamental notions is crucial for grasping how homological algebra operates within broader
mathematical contexts.

Modules and Abelian Categories
Modules over a ring are generalizations of vector spaces and serve as primary objects of study in
homological algebra. Abelian categories extend the concept of modules, allowing for a more abstract
and general framework where kernels and cokernels exist and behave well. This abstraction facilitates
the definition of exact sequences and homological functors, which are central to the discipline.

Exact Sequences
Exact sequences are sequences of module homomorphisms where the image of one morphism equals



the kernel of the next. They encode important algebraic information and serve as the backbone for
defining homology and cohomology groups. Exactness captures how well sequences of algebraic
structures fit together and is essential for understanding extensions, resolutions, and derived
functors.

Chain Complexes and Exact Sequences
Chain complexes are sequences of abelian groups or modules connected by boundary maps whose
compositions are zero. They generalize exact sequences and provide the framework for computing
homology groups, which measure the failure of exactness. This section explains the construction and
significance of chain complexes alongside exact sequences.

Definition of Chain Complexes
A chain complex consists of a sequence of modules or abelian groups {..., C_{n+1}, C_n, C_{n-1}, ...}
connected by differential maps d_n: C_n → C_{n-1} such that the composition d_{n} ∘ d_{n+1} = 0
for all n. This condition ensures that the image of one differential is contained in the kernel of the
next, setting the stage for defining homology groups as quotients of these subobjects.

Homology Groups
Homology groups quantify the algebraic structure that remains after accounting for boundaries in a
chain complex. Specifically, the n-th homology group H_n(C) is defined as the quotient of the kernel of
d_n by the image of d_{n+1}. These groups capture intrinsic properties of algebraic or topological
objects and are invariant under chain homotopy, making them powerful tools for classification and
analysis.

Kernel: elements mapped to zero by a differential

Image: elements that are images of previous differentials

Homology: quotient of kernel by image at each level

Projective and Injective Resolutions
Resolutions provide a method to approximate modules by simpler or better-understood objects such
as projective or injective modules. These constructions are fundamental for defining derived functors
and for calculating homological invariants. Understanding projective and injective resolutions is
essential for applying homological algebra techniques effectively.



Projective Resolutions
A projective resolution of a module M is an exact sequence of projective modules terminating at M.
Projective modules have lifting properties that make them easier to work with, allowing the
translation of complicated module properties into more tractable terms. Projective resolutions help in
computing left-derived functors like Tor, which measure non-exactness of tensor products.

Injective Resolutions
Injective resolutions are exact sequences where a module is embedded into injective modules.
Injective modules have extension properties that simplify homological computations. Injective
resolutions are used to define right-derived functors such as Ext, which classify extensions and
measure the failure of homomorphisms to be surjective.

Derived Functors and Their Applications
Derived functors extend classical functors to homological contexts, capturing their failure to be exact.
They are pivotal in extracting deeper algebraic information from modules and complexes. This section
addresses the construction of derived functors and highlights their role in various mathematical
applications.

Definition and Construction
Derived functors arise by applying a functor to a projective or injective resolution and then computing
homology. This process produces a sequence of functors that generalize the original one, measuring
how far it is from being exact. Key examples include Tor and Ext, which provide insights into tensor
products and extension classes, respectively.

Applications in Algebra and Topology
Derived functors have broad applications across mathematical disciplines. In algebraic topology, they
relate to homology and cohomology theories, providing computational tools for topological spaces. In
algebra, derived functors assist in classifying modules, understanding extension problems, and
studying spectral sequences, which are advanced computational devices in homological algebra.

Homology and Cohomology Theories
Homology and cohomology theories are central to homological algebra, linking algebraic structures
with topological and geometric properties. These theories formalize the measurement of holes,
obstructions, and extensions in mathematical objects. This section discusses their definitions,
differences, and significance in various contexts.



Homology Theory
Homology theory assigns a sequence of abelian groups or modules to a space or algebraic object,
capturing its structural features. It is constructed from chain complexes and measures cycles and
boundaries. Homology groups are invariant under homotopy, making them vital in classifying spaces
and understanding their properties.

Cohomology Theory
Cohomology is a dual theory to homology, defined using cochain complexes and covariant functors. It
often possesses richer algebraic structure, such as ring or module structures, and provides additional
tools for studying extensions, characteristic classes, and duality principles. Cohomology theories are
extensively used in geometry, number theory, and representation theory.

Homology: studies cycles and boundaries via chain complexes

Cohomology: employs cochain complexes and captures dual information

Both provide invariants crucial for classification and analysis

Frequently Asked Questions

What is homological algebra and why is it important?
Homological algebra is a branch of mathematics that studies homology and cohomology theories in a
general algebraic setting. It provides tools to analyze algebraic structures such as modules, rings, and
complexes, and is essential in fields like algebraic topology, algebraic geometry, and representation
theory.

What are chain complexes in homological algebra?
A chain complex is a sequence of abelian groups or modules connected by homomorphisms, where
the composition of two consecutive maps is zero. They are fundamental objects in homological
algebra used to define homology groups.

What is the role of exact sequences in homological algebra?
Exact sequences are sequences of modules and homomorphisms with the property that the image of
one homomorphism equals the kernel of the next. They help track how algebraic structures relate and
are crucial for defining and working with derived functors like Ext and Tor.

How do projective and injective modules relate to homological



algebra?
Projective and injective modules serve as building blocks for constructing projective and injective
resolutions, respectively. These resolutions are essential for computing derived functors and
understanding extensions and cohomology in homological algebra.

What are derived functors and how are they used in
homological algebra?
Derived functors extend classical functors to the homotopy category of chain complexes, capturing
information about non-exactness. Examples include Ext and Tor, which measure extensions and
torsion phenomena in modules.

Can you explain the Ext functor in simple terms?
The Ext functor measures extensions of modules; it classifies all ways a module can be extended by
another. It arises as a derived functor of Hom and is used to study module extensions and
cohomology.

What is the significance of the Tor functor in homological
algebra?
The Tor functor measures the failure of tensor product to be exact. It detects torsion phenomena in
modules and appears as a derived functor of the tensor product.

How does homological algebra connect to algebraic topology?
Homological algebra provides the algebraic framework for defining and computing homology and
cohomology groups in algebraic topology, allowing topological spaces to be studied via algebraic
invariants.

What prerequisites are necessary to start learning
homological algebra?
A solid understanding of abstract algebra, particularly group theory, ring theory, and module theory,
as well as familiarity with linear algebra and basic category theory, is essential before studying
homological algebra.

Additional Resources
1. Introduction to Homological Algebra by Charles A. Weibel
This is a comprehensive and widely used textbook that covers the fundamental concepts of
homological algebra. It starts with basic definitions and gradually introduces more advanced topics
such as derived functors, spectral sequences, and homotopy theory. The book is well-suited for
graduate students and includes numerous exercises to solidify understanding. Weibel’s clear
exposition makes complex ideas more accessible.



2. Homological Algebra by Henri Cartan and Samuel Eilenberg
A classic text that laid the foundation for the modern study of homological algebra. This book
introduces chain complexes, homology, and cohomology with a rigorous and systematic approach. It
is historically significant and provides deep insights into the subject, making it essential reading for
those interested in the origins of homological methods.

3. An Introduction to Homological Algebra by Joseph J. Rotman
Rotman’s book offers a detailed introduction to the subject with a strong emphasis on examples and
applications. It covers topics such as projective and injective modules, Ext and Tor functors, and
spectral sequences. The text is approachable for students new to the area and contains numerous
exercises that reinforce the material.

4. Elements of Homology Theory by V. A. Vassiliev
This book provides an accessible introduction to homology theory, focusing on the geometric intuition
behind algebraic constructions. It covers singular homology, simplicial complexes, and the basics of
homological algebra with clarity. The author’s style helps readers develop an intuitive understanding
alongside formal theory.

5. Methods of Homological Algebra by Sergei I. Gelfand and Yuri I. Manin
A more advanced treatment that includes a thorough discussion of derived categories and functorial
methods. This text is suitable for readers who already have some background in algebra and want to
explore contemporary approaches in homological algebra. It combines abstract theory with practical
computational techniques.

6. Homological Algebra: The Interplay of Homology with Distributive Lattices and Orthodox
Semigroups by S. K. Jain and S. R. López-Permouth
This book explores the connections between homological algebra and other algebraic structures such
as lattices and semigroups. It provides an introduction suitable for graduate students and researchers
interested in the broader applications of homological methods. The exposition includes examples and
exercises to illustrate key concepts.

7. A Course in Homological Algebra by Peter J. Hilton and Urs Stammbach
This text offers a clear and concise introduction to homological algebra with a focus on module theory
and exact sequences. It is designed for advanced undergraduates and beginning graduate students,
emphasizing both theory and applications. The book also includes historical notes and numerous
exercises.

8. Homological Algebra in Strongly Non-Abelian Settings by Marco Grandis
Focusing on non-abelian generalizations of homological algebra, this book introduces readers to
newer developments in the field. It covers topics such as homotopical algebra and higher category
theory with relevance to homological methods. The book is suitable for readers with a solid foundation
in classical homological algebra.

9. Lectures on Homological Algebra by Henri Cartan
Based on Cartan’s lectures, this concise text provides foundational knowledge in homological algebra.
It emphasizes the conceptual framework and fundamental theorems, making it a valuable resource
for beginners. The style is clear and direct, ideal for those looking to grasp the essentials quickly.
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