calculus 2 sequences and series cheat
sheet

calculus 2 sequences and series cheat sheet serves as an essential guide for
students and professionals working through the complexities of infinite
sequences and series in advanced calculus. This cheat sheet consolidates
fundamental concepts, convergence tests, important formulas, and common
series expansions that are crucial in understanding the behavior and
properties of sequences and series. By mastering these core ideas, one can
efficiently analyze limits, sums, and approximations which are pivotal in
many areas of mathematics, physics, and engineering. The guide also
highlights key convergence criteria and special series such as geometric, p-
series, and power series. Whether preparing for exams or applying calculus in
real-world problems, this resource facilitates a swift review and deeper
comprehension of critical topics. The following content is organized to cover
definitions, convergence tests, special series, and strategies for dealing
with power and Taylor series.

e Fundamentals of Sequences and Series
e Convergence and Divergence Tests

e Common Types of Series

e Power Series and Radius of Convergence

Taylor and Maclaurin Series

Fundamentals of Sequences and Series

Understanding sequences and series begins with clear definitions and the
basic properties that govern their behavior. A sequence is an ordered list of
numbers typically denoted as {a_n}, where n represents the term number. Each
term a_n is a function of n, and sequences can be finite or infinite. Series,
on the other hand, refer to the sum of terms from a sequence. An infinite
series is expressed as the sum of infinitely many terms of a sequence.

Definition of Sequences

A sequence is generally written as {a_l, a_2, a3, ..., a_n, ...}, where each
term a_n depends on the index n. Sequences can be defined explicitly by a
formula for a_n or recursively based on previous terms. The behavior of a
sequence as n approaches infinity is fundamental to calculus 2 topics,
especially in determining limits and convergence.

Definition of Series

A series is the sum of the terms of a sequence: S =a 1 + a_2 + a_3 + ... +
an + .... Series can be finite, with a limited number of terms, or infinite.



Infinite series require analysis to determine whether their sums approach a
finite value, which is the core concern in calculus 2 sequences and series.

Partial Sums

Partial sums, denoted by S_.n = a_1l + a_2 + ... + a_n, are sums of the first n
terms of a series. The limit of the sequence of partial sums is used to
define the convergence of an infinite series. If the limit of S_n as n
approaches infinity exists and is finite, the series converges; otherwise, it
diverges.

Convergence and Divergence Tests

Determining whether a series converges or diverges is critical in calculus 2
sequences and series. Several tests help evaluate convergence based on the
properties of the terms and the series’ structure. These tests provide
necessary and sufficient conditions for convergence under various
circumstances.

Test for Divergence

The first and simplest test states that if the limit of the sequence terms
a_n does not approach zero as n approaches infinity, then the series
diverges. Mathematically, if lim (n-«) a_n = 0, the series ra_n diverges.

Geometric Series Test

A geometric series has the form ¥ ar”n, where a is the first term and r is
the common ratio. The geometric series converges if and only if |r| < 1, and
its sum is S = a / (1 - r). If |r| =2 1, the series diverges.

p—Series Test

A p-series has the form ¥ 1/n"p. It converges if p > 1 and diverges if p < 1.
This is an important benchmark for comparing other series and understanding
the behavior of series with polynomial denominators.

Comparison Test

This test compares a given series to a second series with known convergence
properties. If 0 < a_n < b_n for all n and 2 b_n converges, then ¥ a_n also
converges. Conversely, if ¥ a_n diverges and a_n > b_n > 0, then ¥ b_n
diverges.

Limit Comparison Test

For two series ¥ a_n and } b_n with positive terms, if lim (n-%) (a_n / b_n)
= c, where c is a finite positive number, then both series either converge or



diverge together.

Ratio Test

The ratio test involves the limit L = lim (n-%«) |a_(n+l)/a_n|. If L < 1, the
series converges absolutely; if L > 1 or L = », the series diverges; if L =
1, the test is inconclusive.

Root Test

This test uses the limit L = lim (n-®) |a_n|”1/n. The conclusions are similar
to the ratio test: convergence if L < 1, divergence if L > 1, and
inconclusive if L = 1.

Common Types of Series

Several types of series frequently appear in calculus 2, each with unique
characteristics and convergence properties. Recognizing these series is
essential for applying the appropriate convergence tests and finding sums
where possible.

Arithmetic Series

An arithmetic series is the sum of terms in an arithmetic sequence where each
term differs from the previous one by a constant difference d. These series
do not generally converge if infinite because the terms do not approach zero,
but finite sums are calculated using the formula S_n = n/2 (a_1l + a_n).

Geometric Series

Geometric series have terms that form a geometric sequence with a constant
ratio r. These series play a pivotal role in calculus 2 sequences and series
due to their simple convergence criteria and closed-form sums.

p—Series

p-Series are of the form ¥ 1/n"p and serve as a reference for the behavior of
many other series. Their convergence depends solely on the exponent p, making
them a fundamental example for comparison tests.

Alternating Series

Alternating series have terms that alternate in sign, typically expressed as
2 (-1)"n a_n or 2 (-1)"(n+l) a_n with a_n > 0. The Alternating Series Test
states that if the terms decrease in magnitude to zero, the series converges.



Telescoping Series

Telescoping series simplify by cancelling out intermediate terms, reducing
the sum to a finite number of terms. They are useful for evaluating sums that
are otherwise difficult to compute directly.

Power Series and Radius of Convergence

Power series are infinite series of the form ) c_n (x - a)”n, where c_n are
coefficients and a is the center of the series. Power series generalize
polynomials to infinite degrees and are crucial for representing functions
analytically.

Definition and Structure

A power series centered at a is written as 2 c_n (x - a)”n, where n starts at
0O or 1. The coefficients c_n determine the shape and behavior of the series.
Power series can represent functions within an interval determined by
convergence.

Radius and Interval of Convergence

The radius of convergence R defines the distance from the center a within
which the power series converges. The interval of convergence is (a - R, a +
R), possibly including endpoints depending on convergence tests applied
there. The radius is found using the ratio or root tests:

e Radius R =1 / lim sup (lc_n|”(1/n))

e Or by ratio test: R = lim (n-%) |c_n / c_(n+1) |

Behavior at Endpoints

The convergence at the endpoints x = a * R requires separate testing since
the ratio and root tests provide no information at those points. Testing
involves substituting the endpoint into the series and applying convergence
tests to the resulting series.

Taylor and Maclaurin Series

Taylor and Maclaurin series expand functions into infinite sums of polynomial
terms based on derivatives evaluated at a point. These series are fundamental
tools in calculus 2 sequences and series for approximating functions and
solving differential equations.



Taylor Series Definition

The Taylor series of a function f(x) centered at x = a 1is given by:

f(x) = [f*(n)(a) / n!] * (x — a)”n, where £~ (n) (a) is the nth derivative of
f evaluated at a.

This series provides an exact representation of f(x) within its radius of
convergence 1if the function is infinitely differentiable at a.

Maclaurin Series

The Maclaurin series is a special case of the Taylor series centered at a =
0:

f(x) =) [£f*(n)(0) / n!] * x"n.

Common functions have well-known Maclaurin series expansions such as
exponential, sine, cosine, and logarithmic functions.

Common Maclaurin Series

ee™x = ) x™n / n! =1 4+ x + x*2/2! + x*3/3! +

e sin x = % (-1)"n x*(2n+1) / (2n+1)! = x - x*3/3! + x~5/5! -

e cos x = 2 (-1)"n x*(2n) / (2n)! =1 - x*2/2! + x™4/4! -

e In(1 + x) =Y (-1)*(n+l) x™n / n =x - x*2/2 + x*3/3 - ... (valid for -1
< x < 1)

Using Taylor Series for Approximation

Taylor polynomials of degree n provide polynomial approximations to functions
near the center a. The remainder term or error estimate helps assess the
accuracy of the approximation. These approximations are invaluable in
numerical methods and applied mathematics.

Frequently Asked Questions

What is the general form of a geometric series in
calculus 27

A geometric series has the form \( \sum_{n=0}"\infty ar”n \), where \(a\) is
the first term and \(r\) is the common ratio.

How do you determine if an infinite series converges?

An infinite series \( \sum a_n \) converges if the sequence of partial sums
\( S_N = \sum_{n=1}"N a_n \) approaches a finite limit as \( N \to \infty \).
Tests like the Comparison Test, Ratio Test, and Root Test help determine



convergence.

What is the Ratio Test and how is it used in series
convergence?

The Ratio Test states that for \( \sum a_n \), if \( L = \lim_{n \to \infty}
la_{n+1}/a_n| \), then the series converges if \( L < 1 \), diverges if \( L
> 1 \), and is inconclusive if \( L =1 \).

What is the difference between absolute and
conditional convergence?

A series \( \sum a_n \) converges absolutely if \( \sum |a_n| \) converges.
It converges conditionally if \( \sum a_n \) converges but \( \sum |a_n| \)
diverges.

How do you find the sum of a convergent geometric
series?

For a convergent geometric series with \(|r| < 1\), the sum is \( S =
\frac{a}{1l-r} \), where \( a \) is the first term and \( r \) is the common
ratio.

What is the Integral Test for series convergence?

The Integral Test states that if \( f(n) = a_n \) 1is positive, continuous,
and decreasing for \( n \geqg N \), then \( \sum a_n \) and \( \int_N~\infty
f(x) dx \) either both converge or both diverge.

How is the Alternating Series Test applied?

The Alternating Series Test says that if the terms of an alternating series
\( \sum (-1)"n a_n \) decrease in magnitude and \( \lim_{n \to \infty} a_n =
0 \), then the series converges.

What is a power series and how is its radius of
convergence determined?

A power series 1s of the form \( \sum_{n=0}"\infty c_n (x - a)”n \). Its
radius of convergence \( R \) is found using the Ratio or Root Test,
representing the interval \( |x — a| < R \) where the series converges.

What are sequences and how do they relate to series?

A sequence 1is an ordered list of numbers \( \{a_n\} \). A series is the sum
of the terms of a sequence \( \sum a_n \). The convergence of a series
depends on the behavior of its sequence of partial sums.

What is the significance of the nth-term test for
divergence?

The nth-term test states that if \( \lim_{n \to \infty} a_n \neq 0 \), then
the series \( \sum a_n \) diverges. However, if the limit is zero, the test



is inconclusive.

Additional Resources

1. Calculus II: Sequences and Series - A Comprehensive Guide

This book offers an in-depth exploration of sequences and series, focusing on
convergence tests, power series, and Taylor expansions. It provides clear
explanations along with numerous examples and practice problems to reinforce
understanding. Ideal for students seeking a thorough review or a quick
reference during exam preparation.

2. Mastering Sequences and Series: Calculus II Essentials

Designed for Calculus II students, this guide covers fundamental concepts
such as arithmetic and geometric sequences, infinite series, and the integral
and comparison tests. The concise cheat sheet format highlights key formulas
and theorems, making it easy to grasp complex topics quickly. It also
includes tips for solving common problem types efficiently.

3. Sequences and Series in Calculus II: The Ultimate Cheat Sheet

This compact reference book condenses essential information on sequences and
series into an accessible format. It covers convergence criteria, power
series, and radius of convergence with straightforward explanations. Perfect
for students needing a quick refresher or a handy study aid during exams.

4. Calculus II Sequences and Series: Theory and Practice

Combining theory with practical applications, this book delves into
convergence tests, alternating series, and Taylor and Maclaurin series. It
features worked examples and exercises to enhance problem-solving skills. The
structured approach helps students build confidence in handling complex
series topics.

5. Essential Calculus II: Sequences, Series, and Beyond

Focusing on the core principles of sequences and series, this book provides
concise summaries and detailed examples. It includes chapters on power series
representations and applications in real-world problems. The clear layout and
step-by-step solutions make it a wvaluable resource for learners at all
levels.

6. Quick Reference Guide to Calculus II Sequences and Series

This guide serves as a quick and efficient tool for reviewing key concepts
and formulas related to sequences and series. It highlights important
convergence tests and series expansions with minimal jargon. Ideal for last-
minute revision and as a supportive supplement to textbook materials.

7. Calculus II Simplified: Sequences and Series Cheat Sheet

This book simplifies the complex topics of sequences and series with easy-to-
understand explanations and visual aids. It covers essential topics like
convergence, divergence, and interval of convergence. The cheat sheet style
helps students retain critical information for exams and assignments.

8. Practical Calculus II: Sequences and Series Made Easy

Emphasizing practical problem-solving, this book breaks down sequences and
series into manageable sections. It includes detailed examples of common
series tests and power series applications. The approachable language and
organized layout support effective learning and quick review.

9. Calculus II Sequences and Series: A Student’s Cheat Sheet
Tailored for students, this cheat sheet compiles all vital formulas,



theorems, and test criteria related to sequences and series. It is designed
for quick comprehension and easy memorization. The inclusion of sample
problems with solutions facilitates better understanding and exam readiness.
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