DIFFERENTIAL CALCULUS PROBLEMS WITH SOLUTIONS

DIFFERENTIAL CALCULUS PROBLEMS WITH SOLUTIONS ARE FUNDAMENTAL TO UNDERSTANDING THE FIELD OF CALCULUS. THIS
BRANCH OF MATHEMATICS FOCUSES ON THE CONCEPT OF THE DERIVATIVE, WHICH REPRESENTS THE RATE AT WHICH A FUNCTION
IS CHANGING AT ANY GIVEN POINT. BY MASTERING DIFFERENTIAL CALCULUS, STUDENTS CAN ANALYZE VARIOUS TYPES OF
FUNCTIONS AND SOLVE REAL-WORLD PROBLEMS INVOLVING MOTION, OPTIMIZATION, AND MORE. IN THIS ARTICLE, WE WILL
EXPLORE SOME COMMON DIFFERENTIAL CALCULUS PROBLEMS, PROVIDE STEP-BY-STEP SOLUTIONS, AND HIGHLIGHT KEY CONCEPTS
ALONG THE WAY.

UNDERSTANDING THE DERIVATIVE

BEFORE DIVING INTO SPECIFIC PROBLEMS, IT’S IMPORTANT TO UNDERSTAND WHAT A DERIVATIVE IS. THE DERIVATIVE OF A
FUNCTION \( F(x) \) AT A PoINT \( x = A \) IS DEFINED AS:

\[
F'(A) =\um_{H \To 0} \rrac{r(a+H) - F(a)}{H}
\]

THIS LIMIT EXPRESSES THE INSTANTANEOUS RATE OF CHANGE OF THE FUNCTION AT THE POINT \( A \) THE DERIVATIVE CAN BE
INTERPRETED AS THE SLOPE OF THE TANGENT LINE TO THE CURVE DEFINED BY THE FUNCTION AT THAT POINT.

BAsic DerIVATIVE PROBLEMS

LET’S START WITH SOME BASIC PROBLEMS THAT INVOLVE FINDING DERIVATIVES USING STANDARD RULES.

ProBLEM 1: FIND THE DERIVATIVE ofF \( F(X) = 3x*2 + 5x -4 )

SOLUTION:

To FIND THE DERIVATIVE \( F'(x) \), WE USE THE POWER RULE, WHICH STATES THAT THE DERIVATIVE OF \( XN \) 15 \(

NxM{N-T13 V).

1. DiFrerenTIATE \( 3x*2 \):

\[

\rrAc{D}Hpx3(3x"2) = 2 \cpoT 3x™{2-1} = 6%
\]

2. DiFrerenTIATE \( 5% \):

\[
\rrAc{p}{Dx3(5x) =5
\]

3. THE DERIVATIVE OF A CONSTANT (-4) 15 O.

PUTTING IT ALL TOGETHER, WE HAVE:!

\[
F(x)=6x+5
\]



ProBLEM 2: FIND THE DERIVATIVE oF \( 6(x) = \sINn(x) + \cos(x) \)

SOLUTION:

USING THE DERIVATIVES OF SINE AND COSINE, WE KNOW:
-\ \rrac{p}ox}(\sINn(x)) = \cos(x) \)
- \(\rrac{p}Hox}(\cos(x)) = -\sin(x) \)

THus,

\[
G’ (x) = \cos(x) - \sin(x)

\]

APPLYING THE PRODUCT AND QUOTIENT RULES

IN MORE COMPLEX PROBLEMS, WE OFTEN NEED TO APPLY THE PRODUCT RULE OR THE QUOTIENT RULE.

ProBLEM 3: FIND THE DERIVATIVE oF \( H(X) = x*2 \cpoT \tn(x) \)

SOLUTION:

USING THE PRODUCT RULE, WHICH STATES THAT \( (Uv)’ =u'v + uv’ \):
LeT \Cu=x"2\) ano \( v = \Ln(x) \).

1. DiFrerenTIATE \( U \):

\[
U = 2x

\]

2. DiFrerenTIATE \( Vv \):

\[
v’ = \rrac{ 1Xx}
\]

Now APPLY THE PRODUCT RULE:

\[

H'(x) =U'v +uv’ = (2x)OANX)) + (XM2\LerT(\rrac{ 1 }H{x3\rIGHT)
\]

\[

H'(x) = 2x \Ln(x) + x

\]

ProBLEM 4: FIND THE DERIVATIVE oF \( k(x) = \rRAc{X*3 - 1}{x + 1} \)

SOLUTION:
UsING THE QUOTIENT RULE, WHICH STATES THAT \( \LEFT(\FRAC{UI{V}\RIGHT)" = \FrRAc{U'V - LV'}{V"2} \):
LeT\(u=x"3-T\) a0 \(v=x+1)).

1. DiFFerenTIATE \( U \):



\[
U =3x"2

\]

2. DiFrerenTIATE \( Vv \):

\[
vi=1

\]

NOW APPLY THE QUOTIENT RULE:

\[

K'(x) = \rRAC{(3x"2)(x + 1) - (x*3 - D1} (x + 1)"23
\]

\[

= \FRAC{3X"3 + 3x"2 - x"3 + TH(x + 1)"2}

\]

\[

= \FRAC{2X"3 + 3x"2 + TH(x + 1)"2}

\]

HIGHER-ORDER DERIVATIVES

CALCULUS ALSO ALLOWS US TO FIND HIGHER-ORDER DERIVATIVES, WHICH ARE DERIVATIVES OF DERIVATIVES.

PROBLEM 5: FIND THE SECOND DERIVATIVE ofF \( F(x) = 4x*3 - 3x*2+ 2 \)

SOLUTION:

FIRST, WE FIND THE FIRST DERIVATIVE:

\[
Fi(x)=12x"2 - 6x
\]

NEXT, \WE FIND THE SECOND DERIVATIVE:

\[
F'(x) = \rrac{o}{box3(12x"2 - 6x) = 24x - 6
\]

APPLICATIONS OF DIFFERENTIAL CALCULUS

DIFFERENTIAL CALCULUS IS NOT JUST AN ACADEMIC EXERCISE, IT FINDS APPLICATIONS IN VARIOUS FIELDS SUCH AS PHYSICS,
ECONOMICS, AND ENGINEERING. HERE ARE A FEW EXAMPLES:

1. FINDING MAXIMUM AND MINIMUM V ALUES: BY SETTING THE FIRST DERIVATIVE TO ZERO, WE CAN FIND CRITICAL POINTS AND
DETERMINE WHETHER THEY ARE MAXIMA, MINIMA, OR POINTS OF INFLECTION.

2. ANALYZING MoTION: THE DERIVATIVE OF THE POSITION FUNCTION \( s(T) \) cives us THe veLoaiTy \( v(T) \), AND THE
DERIVATIVE OF THE VELOCITY FUNCTION GIVES US ACCELERATION \( A(T) \).

3. OPTIMIZING FUNCTIONS: BUSINESSES OFTEN USE CALCULUS TO FIND THE OPTIMAL PRODUCTION LEVELS OR PRICING
STRATEGIES THAT MAXIMIZE PROFIT OR MINIMIZE COSTS.



CoNcCLUSION

IN CONCLUSION, DIFFERENTIAL CALCULUS PROVIDES POWERFUL TOOLS FOR ANALYZING AND UNDERSTANDING THE BEHAVIOR OF
FUNCTIONS. THROUGH THE PROBLEMS PRESENTED IN THIS ARTICLE, WE'VE SEEN HOW TO COMPUTE DERIVATIVES USING BASIC
RULES, APPLY PRODUCT AND QUOTIENT RULES, AND EXPLORE HIGHER-ORDER DERIVATIVES. MASTERY OF THESE CONCEPTS NOT
ONLY ENHANCES MATHEMATICAL SKILLS BUT ALSO PREPARES STUDENTS FOR REAL-\WORLD APPLICATIONS IN VARIOUS DOMAINS.
AS YOU PRACTICE THESE PROBLEMS, REMEMBER THAT UNDERSTANDING THE PRINCIPLES BEHIND THE TECHNIQUES IS JUST AS
IMPORTANT AS BEING ABLE TO PERFORM THE CALCULATIONS.

FREQUENTLY AskeD QUESTIONS

\W/HAT IS THE DERIVATIVE OF THE FUNCTION F(X) = 3x"2 + 2x - 5?

THe DERIVATIVE F'(X) = 6x + 2.

How DO YOU FIND THE CRITICAL POINTS OF THE FUNCTION F(x) = x*3 - 3x"2 + 4?

TO FIND THE CRITICAL POINTS, FIRST COMPUTE THE DERIVATIVE F'(x) = 3x"2 - 6x. SET F'(x) = O TO FIND CRITICAL POINTS:
3x(x - 2) =0, GIVING CRITICAL POINTS AT X = 0 AND X = 2.

W/HAT IS THE SECOND DERIVATIVE TEST AND HOW IS IT APPLIED?

THE SECOND DERIVATIVE TEST INVOLVES FINDING THE SECOND DERIVATIVE OF A FUNCTION TO DETERMINE THE CONCAVITY AT
CRITICAL POINTS. IF F'(x) > O, THE FUNCTION HAS A LOCAL MINIMUM; IF F'(x) < O, IT HAS A LOCAL MAXIMUM.

How Do YOU SOLVE THE OPTIMIZATION PROBLEM OF MAXIMIZING THE AREA OF A
RECTANGLE WITH A FIXED PERIMETER?

LET THE LENGTH BE X AND WIDTH BE V. GIVEN THE PERIMETER P = 2(x + Y), WE HAVE Y = P/2 - X. THE AREA A = XY =
x(P/2 - x). To MAXIMIZE A, TAKE THE DERIVATIVE DA/DX = P/2 - 2X, SET IT TO ZERO TO FIND X = P/4, GIVING MAXIMUM
AREA WHEN THE RECTANGLE IS A SQUARE.

\WHAT IS IMPLICIT DIFFERENTIATION AND WHEN IS IT USED?

IMPLICIT DIFFERENTIATION IS USED WHEN DEALING WITH FUNCTIONS DEFINED IMPLICITLY RATHER THAN EXPLICITLY. FOR EXAMPLE,
FOR THE EQUATION x*2 +vy"2 = -|, DIFFERENTIATE BOTH SIDES WITH RESPECT TO X TO FIND DY/DX = ‘X/Y.

\WHAT IS THE DERIVATIVE OF SIN(X) AND HOW IS IT APPLIED IN PROBLEMS?

THE DERIVATIVE OF SIN(X) IS COS(X). THIS IS USED IN PROBLEMS INVOLVING RATES OF CHANGE IN TRIGONOMETRIC CONTEXTS,
SUCH AS FINDING THE SLOPE OF A SINE CURVE AT A GIVEN POINT.

How DO YOU APPLY THE CHAIN RULE TO FIND THE DERIVATIVE of F(G(x))?

To APPLY THE CHAIN RULE, USE THE FORMULA (F(G(x)))’ = F'(6(x)) G'(x). For ExAMPLE, IF F(x) = X2 AND G(x) = sIN(x),
THEN THE DERIVATIVE IS 2SIN(x) cos(x).

\WHAT IS A TANGENT LINE AND HOW DO YOU FIND ITS EQUATION?

A TANGENT LINE TO A FUNCTION AT A POINT (A, F(A)) HAS THE EQUATION Y - F(A) = F'(A)(x - A). TO FIND IT, CALCULATE
F'(A) AND SUBSTITUTE INTO THE EQUATION.
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